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Models of the urinary concentrating mechanism
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Department of Physiology, Cornell University Medical College, 1300 York Avenue, New York, New York, USA
The ability of mammals to excrete urine either more or less
concentrated than plasma permits them to maintain the osmo-
lality of body fluids within the very narrow range compatible
with normal cellular function in the face of wide variations in
water and solute intake. This ability has played an essential role
in the emergent evolution of mammals [11, permitting them to
maintain homeostasis of body fluids in a terrestrial or even
desert environment. Although in a general way it is clear that an
increased solute load or restricted water intake demand produc-
tion of a hypertonic urine and that a water load requires a dilute
urine, the quantitative relations between urine flow and osmo-
lality and changes in osmolality of body fluids are less obvious.
In the next section we develop these ideas of whole body solute
and water balance. Essentially the same conservation relations
apply to the whole kidney or to any part of it, and mass balance
relations applying to the whole kidney and to the renal medulla
are developed in subsequent sections.
For many years, it has been appreciated that to concentrate
urine it is necessary to reabsorb relatively more water than salt
from the glomerular filtrate. It has also been appreciated that
the circulating level of ADH regulates water reabsorption,
while leaving solute excretion relatively unchanged. Figure 1
illustrates the whole kidney response to varying doses of
vasopressin infusion in rats [2, 3]. When urine flow is greater
than osmolar clearance, urine is hypotonic and when urine flow
is less than osmolar clearance, it is hypertonic. It has also long
been appreciated (Fig. 2) that production of a hypertonic urine
is in some way related to the loop of Henle [4, 5]. What was not
understood is how possession of a loop of Henle confers the
ability to concentrate. The first suggestions as to how the loop
of Henle might function to concentrate urine were made by
Kuhn and his various collaborators in a series of seminal papers
[6-9].
After describing the Kuhn models and outlining their suc-
cesses and failures, we will describe some of the current
modeling efforts. These have taken two general directions. The
first emphasizes conservation analysis and qualitative consid-
erations of the permeability characteristics of the various neph-
ron segments. The second relies on numerical solution of the
differential equations describing transport in medullary tubules
and vasculature to calculate flow and concentration profiles.
These computer simulations attempt to correlate transport
parameters measured in experiments on isolated renal tubules
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with data obtained in micropuncture studies, slice studies, or
whole kidney experiments. We will conclude by outlining some
of the apparent contradictions revealed by these simulations.
Relation of plasma osmolailty to urine flow and osmolality
Since a difference in osmolality of 1.0 mOsm/kg H20 is
equivalent to a hydrostatic pressure of 19 mm Hg, any differ-
ence in osmolality between intracellular and extracellular fluid
compartments is rapidly eradicated by a compensatory fluid
shift. This means that all body fluids have very nearly the
osmolality of plasma, designated by P0m. It also means that
Total body solute
POsm —
Total body water
Thus maintenance of total volume and osmolality of body fluids
demands simultaneous water and solute balance. The two
conditions
and
Water in = Water out
Solute in = Solute out
must both be satisfied.
In an animal, eating an "average" diet, solute balance
requires the renal excretion of metabolic wastes and excess
dietary salt summing to a near constant quantity, approximately
600 Mosmoles daily in man. Water balance, however, demands
a much more variable renal water excretion.
If we denote volume of urine per unit time by V and urine
osmolality by Uosm, then solute excretion is given by V. UOsm.
Since solute balance requires that this product be nearly con-
stant, there is a necessary reciprocal relation between urine
flow and osmolality. The effect of a given urine flow on plasma
osmolality is easily computed. If we denote total body solute by
S and total body water by W, then we have
S = W. Posm; (1.1)
If there is no other solute gain or loss, the effect of urinary
output of volume V and osmolality Uosm is to cause a change in
osmolality of body fluids that satisfies the relation
S — V . Uosm (W — V) (Posm + LPosm)
Combination of these two equations yields the result
648
(W — V) tPOsm = V (Posm — Uosm)
(1.2)
(1.3)
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Fig. 2. Relation between relative medullaty thickness and maximum
urinary osmolality. Long loops of Henle are required to make highly
concentrated urine. Data from [4]. Reprinted with permission from
Physiology of Membrane Disorders [5].
which can be transformed into the alternative form
LPosm/Posm = (V — V Uosm/Posm)/(W — V) (1.4)
By definition \T. Uosm/Posm is the osmolar clearance, Cosm.
Thus the difference between urine flow and osmolar clearance
divided by total body water gives a quantitative measure of the
effect of the flow on plasma osmolality. The above equations
quantitate the intuitively obvious fact that a flow of hypotonic
urine concentrates body fluids and that a flow of hypertonic
urine dilutes body fluids.
Another way of looking at the difference VCosm is that when
positive it represents water without its isotonic equivalent of
solute extracted from the body fluids by a given urine flow, and
that when negative represents water without its isotonic equiv-
alent of solute that is reabsorbed from the glomerular filtrate
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Fig. 3. The prototype three—section glomerular nephron. Black arrows
indicate solute movement; white arrows, volume flow. Reprinted with
permission from Anna Rev Biophys Bioeng [10].
and returned to the systemic circulation, and thence to the
interstitial and intracellular fluid compartments.
This can be shown by applying the concepts of water and
100 solute balance just developed for the whole body to the glomer-
ular filtrate. This yields the two fundamental equations:
GFR = TH2O + V (1.5)
where TH2O is the total water reabsorbed by the renal tubules,
and
GFR x POsm = TH20 [OSMirabs + V Uosm (1.6)
where [OSMirabs is the average osmolality of the tubular
reabsorbate, and U0sm is the osmolality of the urine. This
equation is the mathematical statement of the physically obvi-
ous fact that if we reassembled the reabsorbate and the urine we
would recover isotonic fluid.
The corollary is that a concentrated urine implies a dilute
reabsorbate and vice versa. This is rather obvious, but the exact
relation between the osmolality of reabsorbate and urine is
found by substituting GFR as given by (1.5) into (1.6). This
leads to the result:
V(Posm — Uosm) = TH2O([OSM]rabs — Posm). (1.7)
This equation is critical to understanding the urinary concen-
trating mechanism, because it applies not only to the whole
nephron, but to each individual nephron segment. Concentra-
tion of the tubular fluid in any segment implies a relatively dilute
reabsorbate, and dilution requires a relatively concentrated
reabsorbate, the extremes being water absorption alone or
solute absorption alone. This equation is cast into clearance
concepts by dividing both sides by POSm to give:
V — V Uosm/Posm = TH20 [OSM]rabs/POsm TH20. (1.8)
The left-hand side of this equation, the difference between
urine flow and the osmolal clearance, is by definition the free
water clearance, CH2O. (This is a misnomer, because CH2O is not
a clearance.) But by whatever name, the difference V — Cosm
recurs repeatedly in the analysis of the concentrating mecha-
nism. Above, we found it measured the concentrating or
diluting effect of a given urine flow on body fluids. Here, it
represents water without solute that transferred from urine to
reabsorbate for a hypotonic urine or vice versa, for a hypertonic
urine would render each isotonic with plasma. It will occur
again in the analysis of the medullary counterfiow system.
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Fig. 1. Response of whole kidney to varying rates of vasopressin
infusion in rats. Note the dramatic decrease in urine flow rate at higher
rates of vasopressin infusion with minimal change in osmolar clearance.
Data from [2]. Figure reprinted with permission from Physiology of
Membrane Disorders [3].
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Fig. 4. The S-shaped mammalian nephron. Black arrows indicate solute
movement; white arrows, volume flow. Reprinted with permission from
Annu Rev Biophys Bioeng [101.
As we go up the evolutionary scale there is no marked
qualitative change in the transport properties of the correspond-
ing nephron segments. The primary question to be answered by
modeling is then, how does folding the primitive straight
nephron into the S-shaped mammalian nephron permit the
concentration of urine? Let us first consider the sequential
distribution of transport properties along a prototype straight
nephron [101 (Fig. 3). After glomerular filtration, absorption is
nearly isosmotic in the proximal tubule, then hypertonic ab-
sorption occurs in the diluting segment with its restricted water
permeability, and final regulation of osmolality in a range from
dilute to that of plasma occurs in a segment where water
permeability is controlled by ADH. What then is different when
this straight tubule with its segmental properties essentially
unchanged is folded into the S-shaped configuration of the
mammalian kidney (Fig. 4)?
New functional features introduced by the S-shaped
configuration
1. The most important is that the diluting segment, now
termed ascending Henle's limb (AHL), with its restricted water
permeability is juxtaposed to both the water—permeable and
ADH-sensitive segments. Solute supplied by the diluting seg-
ment can now generate an interstitial hypertonicity and extract
water from the contiguous segments, now termed descending
Henle's limb (DHL) and collecting duct (CD), and so concen-
trate their contents.
2. A second important feature is that the capillaries are
folded along with the nephrons. Because the capillaries are very
permeable to small solutes, countercurrent exchange restricts
solute from the leaving the medullary region except by the net
connective flow due to water absorption from CD and DHL.
3. A third feature of the S-shaped configuration is that a
portion of the ADH-sensitive segment remains in the cortex.
This permits the dilute fluid returning from the medulla in AHL
to equilibrate osmotically with the cortical interstitium, with the
water so absorbed being taken up by the cortical capillaries.
Thus, the fluid returning to the medulla in the CD is nearly
isotonic relative to blood plasma. Water absorbed from the CD
in the medulla can now raise its concentration above that of
plasma. If the dilute AHL fluid returned directly to the medulla
and there lost its water, no concentration could occur.
4. A fourth feature is that the fluid leaving both DHL and
DVR becomes the fluid entering AHL and AVR. Hence there is
continuity of both volume flow and concentrations when the
direction of flow reverses at the papilla. This permits the
development of a very large cortico-papillary concentration
gradient with only relatively small transverse gradients at any
given medullary level. This is the countercurrent multiplication
principle that Kuhn emphasized in his classic analysis of the
system.
5. A final feature is that the folded vasa recta and their
surrounding interstitial space can be regarded as a mixing and
expansion chamber. This can be idealized as a single tube, the
"central core" closed at the papillary end and open at the
corticomedullary junction. In this core, solute supplied by AHL
can drive water extraction from DHL and CD. In addition
mixing of salt from AHL and urea from CD can drive passive
salt diffusion from thin AHL, the so-called "passive mecha-
nism."
Before analyzing the detailed operation of this system let us
look at the multiplication principle first proposed by Kuhn and
his co-workers. Although actual medullary function differs
drastically from the scheme proposed by Kuhn (which still has
a pervasive and misleading influence on the explanations of the
concentrating mechanism in many textbooks), it is useful to
understand the solute cycling multiplier.
Solute cycling from ascending to descending flows can generate
a concentration gradient
The rough correlation between relative length of the loop and
concentrating ability says nothing about mechanism. As noted
above, the first suggestions as to how the loop of Henle might
function to concentrate urine were made by Kuhn and his
various collaborators in a series of path-making papers. In these
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Fig. 5. Kuhn—type solute cycling multiplier. Black arrows indicate
solute movement; white arrows, volume flow.
Isotonic
Inner Outer
Urine Medulla
Fig. 7. Composition of renal medulla and urine during ant idiuresis (left)
and water diuresis (right). Adapted from [121 and [3].
FDL = FAHL + V (2.1)
(2.2)
(2.4)
(2.5)
Max.
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Fig. 6. Relative osmolalities of tubular fluid in slices from kidneys of
hydropenic rats. Values are given as per cent of maximum. From [11].
(It should be noted that here and in the following two
sections, flow along the tubules in a proximal to distal direction
is considered to be positive. In the subsequent formal mathe-
matical development the convention is adopted that flow
toward the papilla is positive and that toward the cortex
negative.) Mass solute balance requires solute entering to equal
solute leaving. If we consider fluid entering DL to have plasma
osmolality, POSm and denote the osmolality of that flowing out in
AHL by [OSM]AHL, and that of urine by Uosm, then
FDLPOSm = FAHL[OSM]AHL + V Uosm.
Exactly as above, substitution of (2.1) into (2.2) gives the
multiplication rule
FAHL(POSm — [OSM]AHL) = V(Uosm — Posm) (2.3)
The "single effect" is properly defined as the maximal value
of POsm — [OSM]AHL that can be generated by the ascending
limb epithelium. This depends on the rate of active transport
out of AHL and on the "backleak"; Uosm — Osm is the
concentration difference generated along the length of the
medulla. The above equation shows that if the ratio of the final
urine flow to the ascending limb flow is sufficiently small, then
in principle a small single effect can support a markedly
hyperosmotic urine; this is the meaning of "countercurrent
multiplication." It also shows that as urine flow increases there
is an obligatory decrease in its osmolality.
If we designate by TAHL the solute transport out of the AHL,
then the dilution in the ascending limb is given by
TAHLUosm — [OSM]AHL
FAHL
In other words, since ascending limb flow is constant because
there is no water absorption, the dilution is just the transport
divided by the volume flow. This solute is added to the
descending flow, which exceeds the ascending flow by the final
urine flow and correspondingly increases its osmolality by the
amount
TAHLUOsm — POsm =
FAHL + V
papers Kuhn introduced three theoretical ideas that in substan-
tially modified form provide much of the basis for our present
understanding of the concentrating mechanism. The first [7]
was that a small single effect multiplied along a counterfiow
system could lead to a large concentration gradient along the
axis of flow. The second [8, 9] was that active salt transport out
of the ascending limb of Henle might generate the single effect.
The third [6] was that in systems containing different solutions
of two or more solutes separated by suitable membranes,
concentration could occur by passive mixing alone.
The prototype solute cycling multiplier proposed by Kuhn,
which neglects the parallel vascular counterfiow system, is
illustrated in Figure 5. Solute (NaC1) is pumped from ascending
Henle's limb (AL) to the descending limb (DL), representing
combined flow in descending Henle's limb (DHL) and collect-
ing duct (CD). This recycling leads to a concentration gradient
increasing toward the bend. Concentrate, representing urine
flow, can be withdrawn from the bend and there is a compen-
satory dilution of the ascending flow.
Mass water balance in this model requires that entering
volume flow in the descending limb, FDL, equal the volume flow
leaving in the ascending limb, FAHL plus the withdrawal repre-
senting urine flow, or
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This is the gradient generated in the descending flow along
the length of the multiplier.
Several experimental predictions followed from the Kuhn
models:
1. There is progressive increase in osmolality from cortex to
papilla. It was soon confirmed by analysis of tissue slices of
various segments of the antidiuretic kidney [11] that there is a
progressive rise in osmolality as one proceeds from the renal
cortex (isosmotic to plasma) toward the papilla (Fig. 6). More
recent studies comparing the diuretic and antidiuretic kidney
have shown that there is marked flattening of the gradient in
diuresis, although the medulla is still significantly hyperosmotic
relative to plasma [121. There is an even more dramatic de-
crease in urea concentration in the inner medulla during diuresis
(Fig. 7).
2. Fluid leaving AHL to enter the distal nephron is hypotonic
in both diuresis and antidiuresis. By analyzing small aliquots of
fluid obtained with micropipettes, Gottschalk and Mylle [13]
found that fluid from the early distal convoluted tubule was
hyposmotic in hydropenia (Fig. 8).
3. In the papilla all structures have nearly the same osmolal-
ity in the concentrating kidney. This also was confirmed with
micropuncture [13] (Fig. 9).
These predictions and their experimental confirmation will
always stand as one of the signal achievements of renal physi-
ology. Almost from the beginning, however, it was evident that
this simple and elegant scheme deviates in numerous particulars
from the events that actually take place in the medulla during
the concentrating process. In the concentrating kidney it im-
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Fig. 9. Comparison of osmolalities of fluids collected by micropuncture
near the tip of the inner medulla in nine hamsters, one kangaroo rat,
and one Psammomys. Symbols are: (s) loop of Henle fluid; (0) vasa
recta blood, Reprinted with permission from Am J Physiol [13].
plies that there must be either solute addition to the collecting
duct or water uptake by the loop of Henle; experimentally
neither is found. In fact micropuncture data indicate that in both
the concentrating and diluting kidneys there is net uptake of
both water and solute from the medullary nephrons, with water
coming from descending limb of Henle's loop and the collecting
duct and solute primarily from ascending limb of Henle's loop.
Mass conservation requires that any model account for the
uptake of this water and solute by the parallel counterfiow
system of the vasa recta. The Kuhn model is also unable to
account for concentration in the inner medulla, where there has
been no convincing demonstration of active salt transport out of
the thin AHL. The scheme takes no account of the distribution
of the nephrons into those with short loops and into those with
long loops. Finally, the scheme in no way synthesizes detailed
transport and permeability properties of the individual nephron
segments into overall renal function.
Current modeling efforts have taken two general directions.
In the first, models have been developed that attempt to
integrate in a heuristic manner nephrovascular function. In the
second, computer simulations have attempted to synthesize
detailed microscopic transport data into concentrations and
flows along the nephron. Any model no matter how simple or
complex must satisfy medullary solute and water balance,
which we will now consider.
Mass balance in the medulla
Anatomical studies suggest that interaction between AHL,
DHL, and CD is primarily via the vasa recta. Figure 10, taken
from Kriz and Lever [14) shows a somewhat schematized
model of interacting short and long looped nephrons from a rat
kidney. Here it can be seen that AHL and CD are tightly packed
into one counterfiow system, surrounded by a capillary plexus
supplied by a second, tightly-packed counterfiow system con-
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Fig. 8. Osmolality ratio (tubule fluid/plasma) of fluid collected by
micropuncture from seven rats during antidiuresis. Early tubule fluid
was dilute even though urine was concentrated. Reprinted with permis-
sion from Am J Physiol [131.
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Fig. 10. Schematic representation of the intricate counterfiow system of
the renal medulla, Note that in this figure AVR denotes arterial vas
rectum, or descending vas rectum and VVR denotes venous vas rectum
or ascending vas rectum; DL, descending limb of Henle's loop; AL,
ascending limb of Henle's loop; CD, collecting duct; CAP, capillary.
Reprinted with permission from Am Heart J [14].
sisting of descending vasa recta (DVR), ascending vasa recta
(AVR), and descending limbs of Henle's loop (DHL). These
tightly packed structures suggest that solute supplied by the
AHL increases the osmolality of the surrounding interstitial
vascular space and so extracts water from the CD. The resulting
hypertonic solution is taken up by the plexus, which feeds into
the AVR. As the AVR flow toward the cortex in the second
counterfiow system they give up solute to the DVR, so increas-
ing the osmolality of the fluid supplying the plexus. The
upflowing AVR also equilibrate osmotically with the downflow-
ing DHL—probably primarily by water extraction from the
DHL, but in part by giving up solute.
The analysis of this intricately coupled counterfiow system
uses two guiding principles. The first is that overall water inflow
must balance water outflow and solute inflow must balance
solute outflow. The second is that water and solute uptake by
the vasa recta must exactly equal water and solute reabsorption
from the nephrons. Overall water balance requires that
FDHL(O) + FCD(O) + FDVR(O) = FAHL(O) + FAVR(O) + V (3.1)
This balance equation is identical with that for the solute
cycling multiplier, except that the descending vasa recta flow at
the cortoco-medullary junction designated by FDVR(O) has been
included in the entering flow, and the ascending vasa recta,
designated by AVR, have been included in the outflow.
Overall solute balance requires that
{FDHL(O) + FCD(O) + FDvR(O)}Posm =
FAHL(O) [OSM]AHL(O)
+ FAVR(O) [OSM]AVR(O) + V UØ$fl (3.2)
Here we have utilized the fact that fluid entering the medulla
from the cortex in DHL, DVR, and CD in the antidiuretic
kidney is isosmotic with plasma. If we substitute the water
balance equation into the solute balance equation we obtain the
modified multiplication principle
FAHL(O) {P0sm — [OSM]AHL(O)}
FAvR(O) {EOSMIAvR(O) — Posm} + V {Uosm — Posm} (3.3)
This result shows that development of a concentration gradient
requires a hyposmotic AHL fluid, but that any hyperosmolality
of the AVR fluid being returned to the cortex will seriously
impair the development of a gradient. The significance of this
result becomes even more clear if we consider water and solute
balance between the vasa recta and the tubular structures. The
total water absorbed from the loop of Henle and the CD is
TH2O = FAVR(O) — FDVR(O)
and the total solute absorbed is
(3.4)
Tosm = FAVR(O) [OSM]AVR(O) — FDVR(O) POsm. (3.5)
Again, combining the two balance equations gives the result
where Tw is defined by
Tosm = TH20 POsm + Tw,
Tw = FAVR(O) {[OSM]AVR(O) — Posm}
(3.6)
(3.7)
Thus, solute supplied by the tubular structures can be split into
two parts. The first carries with it an isotonic complement of
water; this water is osmotically extracted from the downflowing
DHL and CD system, which concentrates their fluid. The
second part represents dissipative loss caused by any hyperos-
molality of the AVR fluid relative to plasma. Because of the
relatively large medullary blood flow, even a slight hyperto-
nicity can cause a significant dissipative loss. This loss is
minimized by the highly efficient countercurrent exchange. Any
increase in medullary blood flow clearly increases the dissipa-
tive loss and decreases the solute available for generating a
concentration gradient.
Central core model
To visualize the interaction between vascular and tubular
structures in the medulla it is helpful to introduce a simplified
model [15]. This is shown in Figure 11. In this model, we
visualize the highly solute-permeable ascending and descending
vasa recta folded into single tubes, closed at the papillary end
and open at the cortico medullar junction. The different types of
Vascular
bundle
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Derivation of the dimensionless mass—balance equation
From the overall balance relation between nephrons and vasa
recta we have the relation [equation (3.6)1
Tsm = TH2O POsm + Tw (4.1)
where Tosm is the total solute taken up from the nephrons and
TH2O is the total water taken up from the nephrons.
The total solute taken up is the sum of the solute reabsorbed
from DHL, AHL, and CD or
likewise
mDHL -- 'rAHL + T8m (4,2)'Osm 'Osm 'Osm
— '-.'DHL ."AHL1H20 — 1H20 + 1H20 + Tij0 (4.3)
If we consider a system where all of the nephrons turn at the
papilla, then
TfiJ- = FDHL(O) — FDHL(L) (4.4)
structures are then collapsed into four tubes—one, the "central
core," representing the interstitial vascular space, one repre-
senting the AHL system, one representing DHL's, and one
representing the CD's.
At any level the volume flow up the central core equals the
water absorbed between that level and the papilla from the
tubular structures. Likewise, the convective solute flow up the
core must equal solute absorbed from the loop of Henle and CD
between that level and the papilla. In the concentrating kidney,
because of the large water permeability of DHL and CD at any
medullary level these are osmotically equilibrated with the fluid
in the core, although the concentration of individual solutes can
differ markedly between structures.
This model is further schematized in Figure 12. The overall
operation of this skeletonized model is a paradigm of the full
medullary counterfiow system. Solute supplied by the water
impermeable AHL raises the osmolality of the central core.
This extracts water from the DHL and CD and so generates a
volume flow up the core. As the hyperosmotic solution flows up
the core it extracts more water from the downflowing DHL and
CD. The emergent core fluid flowing into the cortex is nearly
isotonic with plasma. The behavior of this system is usefully
described by a dimensionless mass—balance equation, which we
will now derive.
where FDHL(O) is flow in descending limb of Henle loop at the
cortex and FDHL(L) is flow at the papilla. Similarly
Under our assumption
The solute uptake from DHL is
= FCD(0) — V (4.5)
mAHL —
1H20
mDHL — C' (f\ t? (I \ TT
'Osm — rDHLW) Osm — rDHLL.) UOsm
where we have utilized the assumption that entering DHL fluid
is isosmotic with plasma and DilL fluid at the loop has the
osmolarity of final urine. Substituting equation (4.4) into equa-
tion (4.7) gives
T8 = {FDHL(L) + TR}} POsm — FDHL(L) Uosm (4.8)
Isotonic
plasma Core
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FIg. 12. Skeletonized central core model. Black arrows indicate solute
movement; white arrows, volume flow.
Fig. 11. (A) Central core model of the renal medulla. Black arrows
indicate salt movement; open arrows, water movement; hatched ar-
rows, urea movement. With sufficiently large solute and water perme-
abilities of ascending vasa recta (AVR) and descending vasa recta
(DVR), concentrations in AVR, DVR, and interstitium become nearly
identical at a given medullary level. Solute removal is then given by the
product of the concentration and the volume flow difference in AVR
and DVR. Functionally AVR, DVR, and interstitium are merged into a
single tube closed at the papillary tip and open at the junction of medulla
and cortex. (B) shows the various core components being hypotheti-
cally merged to give the final cross—sectional configuration shown in
(C). Reprinted with permission from [151.
which can be written
-rDHL — 1'DHLT
—
iT ITT — fl
'Osm H20 ' Osm DHL''-) 1 '-'Osm 1 Osm
For collecting duct we have a similar relation
TSm = T0 1sm — V {Uosm — Pposm} (4.10)
Substitution of(4.9) and (4.10) into equation (4.2) gives
'v _P 1D 'rAHL
'Osm —
'H20 rOsm + 'Osm
— {FDHL (L) + V} {Uosm — Posm} (4.11)
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TAHL — Tw
Usm — POsm =
FDHL (L) + V
1r=
1 —fr(l fu)(1 —fw)
net urea entry[Urea]core =
volume flow up core
and substitution of this result into (4.1) leads to the expression
for the medullary gradient
Role of urea in the concentrating mechanism
There is no question that urea enhances concentrating ability
(4.12) in protein depleted animals as demonstrated from whole body
experiments [161. It is also clear that more urea is recycled
through the medulla in antidiuresis than in diuresis [17]. TheFor the AHL we have the equation .
central core model affords useful insight into how this recycling
TAHL can induce additional salt transport out of the thin AHL in theUosm — [OSM]AHL =
FAHL
(4.13) inner medulla—the so-called "passive mechanism" [15, 18, 19].
As water is absorbed along the length of the nephron the urea
As can be seen, except for the appearance of the dissipative concentration rises. In the diluting segment with active salt
solute loss via the vasa recta, T, these equations are almost transport out of the segment, urea becomes the predominant
identical with those for the simple—solute cycling multiplier, solute. In the collecting duct system in the presence of ADH, as
This reflects the fact that the difference between the sum of the water is extracted urea concentration rises still higher, and as
volume flows in the osmotically—equilibrated descending struc- the CD equilibrates osmotically with the medullary interstitium
tures DHL, DVR, and CD and the AVR equals the sum of the rises above the concentration of urea in the core, and so diffuses
ascending limb flow and the final urine flow, into the core. This increases the osmolality of the core and
The factors affecting the concentrating ability of the medulla osmotically extracts water from both DHL and CD, and so
are evident from the above equation: Uosm — POsm is increased reduces the salt concentration in the core. This reduced salt
by an increase in solute transport out of the AHL and is concentration will first reduce back leak of salt from core to
decreased by an increase in the volume flow entering the AHL AHL and with enough urea entering depress core salt concen-
system, by an increase in vascular dissipation, and by an tration below that in the loop of Henle. If the AHL is more
increase in urine flow, permeable to salt than to urea this will induce passive diffusion
The equation for the core gradient may be brought into a of salt out of the AHL, and thus the fluid in AHL will become
neater, more intuitive form by defining some auxiliary varia- dilute and fluid in the CD will be concentrated by passive
bles. processes alone.
If we note FDHL(L) = FAHL(L) and define the fraction of For a detailed discussion of the role of urea in the concen-
solute entering the AHL system at the loop that is reabsorbed trating mechanism it is necessary to set up and solve the full
by model equations, but without doing this some qualitative con-
siderations are possible. The concentration of sodium chloride
TAHLfT = (4.14) in the core will be given by
FAHL (L) Uosm
net salt entry
the urine flow rate relative to the summed loop and urine flow at [NaCl]core = (5,1)
volume flow up core
the papilla by
Likewise, we have for the urea concentration in the core
fu = . (4.15)FDHL (L) + \'
_________________ (5.2)
the fraction of solute that is wasted by inefficient vascular
exchange by These two equations combine to give for the ratio of salt to total
Tw osmolality in the corefw = (4.16)
TAHL [NaCl]core
=
salt entry (5.3)
and the ratio of papillary to cortical osmolality by [NaCl]core + [Urea]core salt entry + urea entry
—
UOsm From this last equation it is clear that as urea entry into the core
r 
—i----—
(4.17) increases, the ratio of salt concentration to total osmolality
decreases, and the difference
then [12] can be written in dimensionless form
[NaCl]core — [NaCl]100
(4.18) can go from positive to negative. When the core concentration
falls below the loop concentration, salt will diffuse out of AHL
To obtain a urine osmolality of 1200 mOsm/kg H20, we must and so generate a gradient in the inner medulla.
have the product Clearly, the effectiveness of this process depends on a
—
number of inter-related factors: salt permeability of AHL, urea
fT (1 — fu) (1 — fw) 0.75 (4.19) permeability of CD, and the amount of urea available to drive
Since T cannot exceed 1, this puts severe restrictions on the the process. With a single nephron model it is possible to
permissible urine flow and vascular dissipation, even in a achieve only very limited gradients in the inner medulla [20]. As
species with relatively modest concentrating abilities, such as one increases the ratio of short to long nephrons, in the inner
man. medulla more urea becomes available relative to the salt in the
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AHL. Hence the mechanism can be driven harder. In model
calculations with idealized parameters it is possible to generate
a very substantial concentration gradient by the passive process
alone, with no active transport out of the thin ascending limb of
the loop of Henle in the inner medulla [21, 22]. A problem has
arisen however with calculations that attempt to use best choice
parameters from isolated tubule experiments [23, 24]. Here, the
gradients are much smaller than those found experimentally. At
this point it seems reasonably well established that urea cycling
enhances salt transport out of the AHL in the inner medulla, but
may not entirely account for the concentration gradient in the
inner medulla. After setting up the differential equations for
medullary models and discussing their solution, calculations on
the feasibility of the passive model will be discussed in more
detail below.
Differential equations for the medullary counter flow system
Although the analysis of mass balance in the foregoing
sections is very useful in the conceptual understanding of the
concentrating mechanism, quantitative analysis that relates
overall function to tubule parameters requires that the differen-
tial equations describing flow and transmural transport in the
tubules and capillaries be formulated and solved. In general, the
equations for the various models that have been described in
the literature fall into three groups: conservation equations for
solute and water flow along the renal tubules and associated
capillaries, an equation of motion relating flow to pressure, and
phenomenological equations for transmural transport. These
equations are solved subject to various boundary conditions—
usually continuity of concentrations and pressures at the junc-
tion of the various flow tubes plus input data. Typically, for
example, in a medullary model, input flows, concentrations,
and pressures will be specified for the descending limbs of
Henle's loop and descending vasa recta, and flows and concen-
trations must match at the papilla where descending loops and
vasa recta reflect to become ascending. There follows a generic
set of equations [25]. These, in modified form have been used to
describe a variety of non-electrolyte models of the medulla and
whole kidney of varying degrees of architectural complexity
[26—40].
The fundamental mass balance equation for the k th solute in
the i th flow tube is
—ôFIkh9x + A1 5ik — J1k = c9(Aj CIk)h9t, (6.1)
where F1k is the total axial mass flow of the k th solute in the i
th flow tube, A1 is the cross-sectional area of the tube, Sik is the
average net rate at which material is being produced or de-
stroyed by chemical or physical reaction, J1k is net outward
transmural flux per unit length, C1k is concentration, x is
normalized axial distance along the tube, and t is time. The
corresponding equation for volume flow is
—19F1/ôx — = 9A1/9t.
Here F1 is the axial volume flow and J is the transmural
volume flux per unit length. Pressure drop along the tubes is
given by
ôP1/ôx =
—RIF F1,
where P is hydrostatic pressure and RIF is flow resistance.
(6.2)
For all tubes except the proximal convoluted tubules,
transmural fluxes are given by
Jik = J1(l — 01k) (CIk + CIk)/2 + hk(C1k — CIk) + J, (6.4)
and
= h1 RT (Cik — CIk)01k + P —[k (6.5)
where Oik is the Staverman reflection coefficient of the wall of
the i th tube for the k th solute, h1k is its passive permeability for
the k th solute, is its hydraulic permeability coefficient, J is
the metabolically driven transport out of the i th tube, R is the
gas constant, T is the absolute temperature, and subscript I
refers to interstitium. (Fluxes and permeabilities refer to unit
length.)
The metabolically driven transport is assumed to obey ap-
proximate Michaelis—Menten kinetics, that is
Ta — 1(1 1.. 1, IC1k—a1k ik tic, (6.6)
where a is the maximum rate of transport and k1k is the
Michaelis constant. All of the membrane parameters may be
functions of distance along the tube, but are assumed not to
depend on concentrations, flows, or pressures.
So far models of the kidney utilized in the analysis of the
concentrating mechanism have included cortical structures only
in a rather perfunctory way. That is cortex is modeled so as to
deliver a certain fraction of the glomerular filtrate to the medulla
and to return a certain fraction of distal nephron inflow to the
collecting ducts. For example, in our own modeling of proximal
tubule transport [26] we have assumed that transmural trans-
port is isotonic
JM = J CM
and that volume absorption is linearly related to flow
L = A + B F
(6.7)
(6.8)
where A and B are arbitrary constants. Here and below, the
subscript M indicates summation over all solutes, that is
JM = J, CIM = C, FIM = F.
k k k
Mass balance in the cortical interstitium requires that
and
a(V1 C1)/at = Wi I (x) dx,Jo
aV1Iat = w I j1 (x) dx,
i Jo
(6.9)
(6.10)
(6.11)
where V1 is the volume of the cortical interstitium, Cik is the
interstitial concentration of the k th solute, w, is a weighing
factor for the i th tube, w = 0 for tubes that do not exchange
with the interstitium.
For Bowman's space we have the equations:
(6.3) (VB C)/t = JGk (x) dx — Bk — CBk FB (1), (6.12)
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where again f is the fractional urine flow
Here, the subscript B refers to Bowman's capsule, G to where J2M is solute transport out of ascending limb. Integration
glomerular capillaries. Integrals are taken along cortical seg- of these two equations leads to the relation between concentra-
ments in the direction of flow: F1(0) indicates entering flow, and tion gradients in core and ascending limb
F(l) indicates exiting flow. C4M(L) — C4M(x) = (1 — fu)[C2M(L) — C2M(x)]. (7.7)For the medullary interstitium we have the conservation
equations: Since C4M(L) = C2M(L), this equation yields the result
—aFIk/ax + AIs1k + w, Jik = a(A1 CIk)/Ot, (6.13) C4M(X) = (1
— fu) C2M(x) + C4M(L), (7.8)
and f = F3(L)/[Fi(L) + F3(L)} (7.9)
It should be noted that equations (7.5) and (7.6) are formally
—F1/9x + w J1 = A1/at. (6.14) identical with the differential equations for a single loop solute-
cycling system with descending flow F1(L) + F3(L) and
ascending flow —F1(L).In all tubes and in the interstitium, axial solute and axial To integrate the above system of equations let J2M be a
volume flows are related by the equation known function of C2M and C4M, but not an explicit function of
FIk = F1 CIk — A DIk öCIk/ô(, (6.15) x, that is,
where D1k is the diffusion coefficient for the k th solute in the J2M = /C2M, C4M) (7.10)
i th flow tube (or interstitium). Then from equations (7.6), (7.8), and (7.10) we have
We have given the equations in time-dependent form, be-
cause many of the numerical solutions have utilized that form. F1 (L) dC2M = dx, (7.11)By setting the time derivatives to zero the equations reduce to 4C2M, (1 — fu)C2M + fuC4M(L)]
the steady state form.
from which
Analytic solutions for the central core model I (7.12)x = F1(L)
JoUnder further simplifying assumptions one can derive equa-
tions for the central core model that permit analytic solution. where fi is a function only of C2M(x), but contains the parame-
Thus the equations for solute flow in the system are [271 ters of integration and C4M(L), which may not be given.
In many cases of interest the above system of equations candFIM/dx =
—J1M (i = 1,2,3,4) (7.1) be integrated analytically. For example, let us suppose that the
where the subscript 1 refers to descending limb of Henle' s loop, "pump" obeys approximate Michaelis—Menten kinetics with a
subscript 2 to ascending limb, subscript 3 to collecting duct, and diffusive back leak, that is,
subscript 4 to vascular core. Let us assume that the hydraulic a
and/or solute permeabilities of the membranes separating de- J2M = _________ — hM(C4M — C2M), (7.13)1 + b/C2Mscending flows from the core are sufficiently large so that
CIM C3M C4M, (7.2) where a is the maximum rate of the active transport, b is theMichaelis constant, and hM is the solute permeability per unit
axial diffusion can be neglected so that length of the ascending limb. Substituting C4M from Equation
FIM = F1 CIM, (7.3) (7.8) into Equation (7.13) gives
a
and that no water enters or leaves the ascending limb so that = J2M = ___________ — fu hM[C4M(L) — C2M(x)1. (7.14)
1 + b/C2M(x)
F2(x) = F2(L). (7.4)
If Equation (7.14) is substituted into Equation (7.11), integra-These assumptions, together with the boundary conditions tion yieldsF1(L) =
—F2(L) (flow toward the papilla is positive, toward
the cortex negative.) and F4(L) = 0, and the fact that at every 2BLx
—
r[c2M(X)12 + dC2M(x) + e 1in Imedullary level the sum of all axial volume flows must equal the F1(L) — dC2M(0) + e]final urine flow, that is
2b — d I F2C2M(x) + d — ql/2l
lnlF1 (x) = F (L) F3 (L) + q"2 [2C2M(x) + d + qh/2j
lead to the differential equation for core concentration
[2c2M(o)
+ d — q112 11ln[F1(L) + F3(L)] (dC4M/dx) = J2M, (7.5)
—
2C2M(O) + d + q112]J (7.15)
and to the equation for ascending limb concentration
where B = fuhM, d a/B + b — C4M(L), e = —bC4M(L), and
F1(L) (dC2M/dx) = J2M, (7.6) q = d2 — 4e. Although this general result is of interest, it cannot
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be inverted to give C2M as an explicit function of x. It also
contains the unknown parameters of integration F1(L), F3(L),
C4M(L), and C2M(O). To illustrate the approach to finding a
complete solution, we will consider the limiting case hM = 0.
Here, integration leads to the result.
ax/F1(L) = C2M(x) — C2M(O) + b lfl[C2M(X)/C2M(0)J. (7.16)
From this, using the relation
or
we derive
or
C4M(O) = (1 — fu)C2M(0) + fuC4M(L),
C2M(0)/C4M(0) = (1 — rfu)/(l — fu),
(7.17)
(7.18)
aL 1—rfu rr(1—fu)
_____
— C4M(L) — C4M(O) + b ln IF1(L) lfu [lu]
(7.19)
l—rfu b r(l—fu)lf1— + lnI(1 — fu)r rC4M(0) L 1 — rfu (7.20)
where t = aL/[FI(L)C4M(L)], that is, f is the fractional
transport out of the ascending limb at saturation.
If we assume that both descending limb and collecting duct
are solute impermeable so that
and
FI(x)CIM(x) = FI(0)ClM(0)
F3V(x)C3M(x) = F3(0)C3M(0),
then both and f are defined. Given the entering flows and
concentrations in descending limb and collecting duct, the
concentration ratio
r = C4M(L)/C4M(0)
can be found from Equation (7.20), and the concentration
profiles can be computed from Equations (7.16) and (7.8). It
should be noted that, depending on the choice of pump param-
eters, there may be a unique solution, no solution, or multiple
solutions [28].
Clearly this is a very special case; in general the parameters
of integration will depend on the solute and water permeabilities
of various nephron segments, analytic solution of the equations
becomes increasingly difficult or impossible, and we must resort
to numerical integration methods.
Numerical solution of the medullary equations
In general, correlation of microscopic transport parameters
with overall medullary or renal function requires numerical
solution of the differential equations. To do this, the differential
equations are replaced by a system of finite difference equa-
tions, which, subject to the appropriate boundary conditions,
must be solved in some way. Ordinarily solution of the resulting
system of non-linear algebraic equations requires some iterative
method carried out on a digital computer.
As an example, if we assume that the cross-sectional area of
the various tubes is constant, that there are no chemical
sources, and that diffusion is negligible; equation (6.1) becomes
—(FICIk)/ax — Jik = AI9CIkI9t. (8.1)
A bewildering variety of difference schemes are available to
represent equation (8.1). One we have used successfully is
spatially averaged and backward in time [26]. With this scheme
the difference equation corresponding to (8.1) is:
F,(j + l)C(j + "I — '' (j) C{(j) + [J{(j + 1)i, -•Iv
+ Jfl(j)1/(2N) + AI[C1i((j + 1) + Cfl((j)
— C{j('(j + 1) — Cfl'(j)]I(2Nzt) = 0, (8.2)
where N is the number of segments into which the ith flow tube
is divided, and the superscript n refers to the nth time step.
There are similar difference equations from the other differen-
tial equations. If we designate the vector of concentrations,
flows, and pressures for the nth time step as )P, and the system
of equations by 4), we seek a solution P, of the system of
equations
4)(P, P1) = 0, (8.3)
where P is known either as a set of initial values or from a
previous time iteration. In the steady state P , so we
seek a solution of the system of equations
4)(yoo, TOO) = 0 (8.4)
where by y we indicate the steady state vector of concentra-(7.21) tions, flows, and pressures.
To solve this system of equations we make an initial estimate
of concentrations, flows, and pressures. If this initial estimate
(7.22) satisfies the equations to some pre-chosen tolerance we are
through; if not, we improve our estimate by computing an error
correction from the residuals of the equations. Thus to solve the
transient equation (8.3) we can make an initial estimate y of >P.
If the norm of the vector 4,(, P') is less than some preset
(7.23) tolerance, we are through. If not, we improve our estimate of P
by repeatedly solving the system of linear equations
4)P, )P') — )P = 0, (8.5)
where I' is an approximation to the Jacobian matrix {a4)/ä-y}
evaluated at P• The interested reader will find computational
details elsewhere [22].
Other workers have utilized different approaches to solving
the differential equations describing their models. Stewart,
Valtin and Luggen used what they describe as a modified
Newton—Raphson method [30, 311 in an early approach. Lory
[32] utilized multiple shooting methods to solve the equations
for a vasa recta model and for the central core model [33]. His
results agree almost exactly with our results [34]. Foster,
Jacquez, and Daniels used quasilinearization to integrate the
equations for the central core model [35, 36]. Ang, Landahl and
Bartoli used solutions of the time dependent equations to obtain
transient solutions [37]. Moore and Marsh solved the transient
equations to reach a steady state solution [23, 24]. A similar
approach has been utilized by Chandhoke, Saidel and Knepper
[39].
It is rather difficult to compare the results obtained by
different groups. The models differ considerably in anatomical
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detail as do the parameter choices. Also the numerical methods
differ considerably. Unfortunately, for non-linear partial differ-
ential equations with mixed boundary conditions, mathematical
theory that defines the error of the approximate numerical
solution is very limited. Another problem that arises is that
because of the large number of parameters that enter into most
models, only a very small fraction of possible parameter sets
can be examined. As a result conclusions drawn from any
particular set of simulations must be viewed skeptically. They
apply to the particular model for the particular parameter sets
tested. Nevertheless, model simulations provide a means of
synthesizing microscopic transport parameters into overall
function, and of assessing the role of parameter variation on
overall function.
Results of computer simulation
All computer simulations, from the earliest using analogue
computers [40, 411 to the most recently published [39], have
confirmed that with active salt transport out of the ascending
limb of Henle's ioop there is no problem in generating a
medullary concentration gradient. The problem has arisen in
attempting to account for the concentration gradient in the inner
medulla in the absence of active transport in AHL. An early
attempt to do this in a solute cycling model that included the
vasa recta [40] proved flawed [42], and led to the demonstration
that a whole class of single solute models require active
transport to concentrate [43]. Therefore, the apparent lack of
active solute transport out of the AHL in the inner medulla
presented a formidable contradiction. The enunciation of the
passive mechanism, described in qualitative terms above, ap-
peared to solve the problem. Validation of the hypothesis,
however, required that detailed microscopic permeability data,
gathered from isolated tubule experiments, be incorporated into
x
Fig. 14. Concentration of NaCl, C, in a juxtamedullary nephron and in
the interstitium in a two nephron model of the kidney with a 2/1 ratio of
cortical to juxtamedullary nephrons, as a function of normalized
length, x, along each structure. Abbreviations are: DHL, descending
limb; AHL, ascending limb; INT, interstitium; CD, collecting duct; PT,
proximal tubule; and DN, distal nephron. Reprinted with permission
from J Comp Physics [21].
a model to give the concentration profiles found in slice studies.
Much of the recent work in computer simulation has been
directed toward this task.
Early simulations showed that with a single nephron model
and an idealized set of parameters, a modest concentration
gradient could be generated in the inner medulla [20] (Fig. 13).
Single models are limited in the amount of urea available to
drive the mechanism, and multinephron models have given
steeper gradients [21] (Fig. 14). As the urea permeability of the
ioop of Henle in the inner medulla is increased, the effective-
ness of the passive mechanism rapidly decreases [10, 19].
Simulations on the central core model by Foster and Jacquez
have shown totally flat profiles in the inner medulla [44). It is
clear, however, from the urea profile they calculate in the
collecting duct in the inner medulla, that urea is being dumped
at the junction of the inner and outer medulla. For the mecha-
nism to work it is clearly essential that urea be delivered along
the length of the inner medulla. Simulations by Moore and
Marsh on a model that included the vasa recta and a composite
nephron with shunting from descending limb of Henle to
ascending limb of Henle showed no gradient in the inner
medulla by the passive mechanism alone [23, 24]. Simulations
by Lory, Gilg and Horster [33] have suggested the possible
importance of urea entering the inner medulla from the renal
pelvis. In simulations on what is probably architecturally the
most detailed model presented to date Chandhoke, Saidel, and
Knepper have examined the role of inner medullary collecting
duct NaCl transport in urinary concentration [39]. They find
that concentration profiles in the collecting duct are sensitive to
NaC1 transport, but find little difference in osmolality profiles.
Their simulations show that with non-uniform NaC1 transport,
h3 =
0.02
1.0
C
C0
C
C00
1.0
Medullary depth
PG 13
Fig. 13. Concentration profiles for a single nephron model of the renal
medulla for dUferent normalized urea permeabilities of the medullary
CD. From [20].
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greater in the papillary region, a modest osmolality gradient
exists in all structures in the papillary region. This gradient,
however, is much less steep than that found experimentally.
From the above it is clear that the precise role of the passive
mechanism in generating the inner medullary concentration
gradient remains moot. It appears operative, but with "best
choice" experimental parameters it is unable to account for the
steepness of the gradient.
Summary and future directions
Qualitatively, the urinary concentrating mechanism appears
to be well understood. The S-shaped configuration of the
mammalian nephron permits solute (NaCl) supplied by the
water impermeable ascending limb of Henle's loop to raise the
osmolality of the medullary vascular interstitial space and so
extract water from the water permeable descending limb of
Henle's loop and collecting duct. The parallel folded configura-
tion of the vasa recta insures efficiency of operation. Because of
the large solute permeability of the vasa recta, ascending vasa
recta osmolality closely approximates descending vasa recta
osmolality. As a result solute removal from the medullary
interstitium is by increased volume flow in the ascending vasa
recta, and each aliquot of solute supplied by the AHL removes
nearly its isotonic equivalent of water from DHL and CD. The
result is dilution of AHL fluid and concentration of DHL and
CD fluid. The cortical loop of the distal nephron permits the
hypotonic AHL fluid (in the presence of ADH) to return to
isotonicity before returning to the medulla as CD fluid. The
ratio of urine osmolality to plasma osmolality developed by the
system is given by the dimensionless equation
r = 1/(1 — fT(l — fu) (1 —
where fT is fractional solute transport out of AHL, f is the ratio
of urine flow to combined ioop flow and urine flow, and f is
fractional solute dissipation.
Urea cycling from CD to medullary interstitium augments
urine concentration in two ways: first it simply decreases the
volume of urine flow; secondly, by extracting water from CD
and DHL it depresses interstitial salt concentration relative to
loop of Henle salt concentration and so augments salt transport
out of the loop of Henle.
Quantitatively, however, our understanding of the concen-
trating mechanism is incomplete. There has been no convincing
demonstration of metabolically-driven salt transport out of the
AHL in the inner medulla and computer simulations with "best
choice" parameters are unable to account for the observed
gradient by the urea mechanism alone. It is possible that more
detailed models that take greater account of the architectural
complexity of the medulla may give steeper concentration
gradients. It is also possible that permeabilities measured in
isolated tubules differ significantly from those in intact kidneys.
It is also possible that some very important aspect of the inner
medullary concentrating mechanism is being entirely over-
looked. In any event, satisfactory quantitative understanding of
the concentrating mechanism awaits new models, new data, or
both.
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